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MATH 251 Exam 3 Version A Fall 2017
Sections 515 Solutions P. Yasskin 14 15 16 /15
Multiple Choice: (6 points each. No part credit.) Total /105

2 02x
1. Compute _[ 22ydya’x.
0Yx

a - 36

15
_32
b. 15

32
15

d. % Correct Choice

128
e -

C.

zxzdx= j§(4x2—x4)dx = [ﬁ_%r _ 32 32

Solution: j; jj2ydydx=J.z[y2L=x 2 e

2. Find the average value of the function f{(x,y) = x?>siny on the rectangle [0,3] x [0, 7].

—
[o2¢}

a.

3o =||

b. Correct Choice

c. 3n
d. 18
e. 5Srn

Solution: The areais 4 = 3x. Theintegral of f is
[[raa = j:jzx%inydxdy - [%]Z[—cosy}z —9(——1--1) =18

So the average is f,, = % ”fdA = % = %

- 64

15




3. Find the volume of the ravioli bounded by
—sinxsiny < z < sinxsiny
forr 0<x<r~r and 0<y<m.

a. 2

c. 8 Correct Choice

Solution: A = [ [ (sinxsiny - ~sinxsiny)dvdy = 2 [ [ sinxsinydvdy
. 0 ”0 0Y0
- 2j sinxdxj sinydy = 2[—cosx]Z[~cosy]F = 2(2)(2) = 8
0 0

4. Find the mass of a triangular plate with vertices (0,0), (2,4) and (2,-4)
whose surface mass density is § = x.

a. 33—2 Correct Choice
32
b. 5 ) .
c. 16
-3 2
16
d. 5 N
8 1
e 3 R
2 p2x 2 2x 2 312 T
ion M — _ - - 2. = 4x° |7 _ 32
Solution: M = UédA = Io I_zxxdydx = J.O[xy:|y;2xdx = J-o 4x* dx = 3 1, 3 4+

5. Find the center of mass of a triangular plate with vertices (0,0), (2,4) and (2,-4)
whose surface mass density is ¢ = x.

a. (£.0)
b (03)
c. (3.0) Correct Choice
« (03)
e. (16,0)
Solution: 7= 0 by symmetry.

szﬂxadA=IzjixzdydxzIz[xzy}szxdxzfi4xsdx:x4 (2): 6 1o 1\]@ _ % . %




6. Find the area inside the limacon

r=3—2cosé.
a. «
b. 3z
c. In ;
d. 9n
e. llx  Correct Choice

Solution: 4 = [[ 1d4 = jz jz_zmerdrde _ jzﬂ[%zfjmede -1 jz”(3 —2c0s0)%dO
2

2r
(9 — 12cos0 + 4cos?0) dd = %J' (9 —12cos0 + 2(1 + cos20)) do
0 0

110 — 12sinf + sin201%" = 11x
0

= o=

7. Find the volume of the apple whose surface is
given in spherical coordinates by p = 1 —cos¢.

a. 2«
b. 4r
2
c. 3
d. 87” Correct Choice
l6x
e. -

Solution: In spherical coordinates, dV = p?sing.
2r pm l-cosq T 3 T l-cosg
_ _ 2 _ p :
V= J.J.J. 1dV = jo Io jo p=sinpdpdpdf = 27rI |: 3 :| sin@ do

0

_ 21 (" 3 _ 2| (=cosp)* 1" _ 27 24 _ 8g
=5 Io(l cosQ)” sinpdp = 3 |: ) 3

8. Find the normal to the parametric surface Fz(u,v) = (u+v,u—v,uv)

a. (u+v,v—u,-2) Correct Choice
b. (u+v,u-v,-2)
c. u+v,v—u,2)
d (u+v,u—v,2)

e. 2,0,u+v)
Solution: The tangent vectors and normal vector are:
ik
e, = 1 1 v Z_\}Zé’uxzvzf(u+v)—j(u—v)+l:t(—l—l)=(u+v,v—u,—2)



9. Find the mass of the half cylinder surface x?>+3> =4 for y>0 and 0<z<3,
with surface mass density 6 = y. Parametrize the surface as

R(0,z) = (2cos0,2sin6,z)
a. 0
b. 24  Correct Choice
c. 48
d 72
e. 96

Solution: The tangent vectors and normal vector are:

A

[ J k
ég = | (-2sinf 2cosh 0) N = é, x e, = i(2cos0) — j(—2sinf) + lAc(O) = (2c0s6,25in6,0)

The length of the normal is |Kf| — J4cos20 +4sin20 = 2. Onthe surface, § =y = 2siné.
So the mass is:

[[ods = [[»|N|dodz = jz [ 4singdodz = 4[] [~cos0] = 43)(-~1--1) = 24

10. Compute the flux ”17" .dS of the vector field F = (xy,y%,yz) through the half cylinder x2 +y? = 4
for y>0 and 0 <:z<3 oriented toward the positive y-axis.

a. 0
b. 24
c. 48  Correct Choice
d 72
e. 96

Solution: From the previous problem, the normal vector is N = (2cos6,25in6,0).
The vector field on the surface is:

F = (v,92,yz) = (4cos0sin0,4sin0,2zsin0)
and its dot product with the normal is:
F - N = 8cos20sin6 + 8sin30 + 0 = 8sin0(cos20 + sin0) = 8sind
So the flux is:

[[F-ds=[[F-Naoa: = jz IZSsinGdez = 8[z] [~cos8]” = 8G3)(-~1--1) = 48



Work Out: (15 points each. Part credit possible. Show all work.)

11. (15 points) Compute the integral ”xydA over the

diamond shaped region in the 15t quadrant bounded by
x2+y?=4, x>+y?=9, x2-y?=1, and x?>-y?=4.

Solution: Let wu=x>+3)?> and v=x*>-3»2>. Then 4<u<9 and 1<v<4,

Add these: u+v =2x2.  Subtract these: u—v = 2y,

Ju v Jui=v
202

1 1

So the coordinate system is (x,y) = ft(u,v) = ( ) And the Jacobian is:

_ 1

1 1

_‘a<x,y) | 2V2 urvoo2y2 Ju=vopo

o(u,v) | 1 1 1 -1 8
22 Ju+¥v  2/2 Ju—v

,/u+v 1/ -V 1 2

2z 2 ey

ffwar =[] ;ﬁé‘ﬁ o [T

1
m 8 [uZ_ 2

The integrand is xy = So the integral is:

dudy=4@-1)O-4) =1



12. (15 points) Find the mass of the ice cream cone
below the paraboloid z = 8 —x?> —y? above the

cone z=2/x*+y* ifthedensityis & = /x*+)%.

Solution: In cylindrical coordinates, dV = rdrdfdz. The densityis o = r.
The boundaries are z=8-7> and z=2r. We find the intersection by setting these equal:

8—r2=2r r’+2r-8=0 (r-2)r+4)=0 r=2

M= “ odV = J-;ﬂ le J.jr_rz rrdzdrdd = 2 Iz[z]jgjﬂ dr =2r Iz(8 —r? =2r)rtdr
2

2 3 5 4
_ 243 _ &3 1 _ 2r :| _ 64 32 o) _ 208
27TJ-O(8r r*=2r)dr 27r|: 3 5 i, 27r( 3 5 8) 5 "

13. (15 points) Find the centroid of the hemisphere

0<z< J9-x?-)*.

Solution: We know x =3 =0 by symmetry. In spherical coordinates, dV = p?sinodpdepdo.
The volume is:

2 pm/2 £3
— - 24 _ 14 3
V—”jldV—Io Io Iop sinpdpdpdd = > 37r(3) 1871
Here, we set up the integral but then used the high school formula. The z-moment is:

v. = [[[zav = Iz IZ/ZIZ(pcow)PzSinfpdpdwde
= J‘z” 1d9J';T/2 cos @ sin@ do J-Z P3dp _ 27T|:— COZZ(p :|ﬂ/2|:pT4:|3

0 0
_ 1 34>:817r
‘2”( 2 (4 4

So the centriod is  (%,7,z) = (OO%)



