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MATH 251 Final Exam Version A Fall 2017
Sections 515 Solutions P. Yasskin 1 /5 14 /15
Multiple Choice: (5 points each. No part credit.) 12 /20 | Total /105

1. A wire has the shape of the helix curve 7(0) = (3co0s0,3sin6,40) for 0 <6 < and has linear density
0 = 2y. Find the total mass of the wire.

a. 80
b. 60
40

d. 20
e. 10
Solu

N
Vv =

-

Correct Choice

tion: 6 =2y = 6sinf

(-3sin0,3cos0,4) | = Y9sin20+9cos20+16 =5  ds = [V|d0 = 5d6

Sds = jo 29 d6 = j:6sin95de ~ 30-cos6|” = 60

2. A wire has the shape of the helix curve 7(0) = (3co0s0,3sin0,40) for 0 <6 < and has linear density
0 = 2y. Find the y-component of the center of mass of the wire.

a. %T” Correct Choice
4
b. i
c. 45n
1
d. 451
e. 3w

Solution: From the previous problem, M = 60.

My = [yéds = jzyzymcze - jo 185in?05d0 = 45 [ (1 - cos20)db = 45[0 - %]0 — 457

My 45z _ 3¢

So the y-component of the center of massis j = WS 60— 4
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The spiral ramp shown at the right

may be parametrized by ?“'E?—Eh
R i B3
R(r,0) = (rcos6,rsin,0) Eﬁqi\
for 0<r<3 and 0<60<2rm. —
k.
Find the total mass, if the surface density is =7 1./—~<
6= Jx?+y?
a 2E(5%2-1)
3
271 532
b. 3 5
c 2T7r(103/2 1)  Correct Choice
27 1032
d. 3 10
27 (1032 _ <32
e 3 (10 5°%)
Solution: The tangent vectors, normal vector and its length are:
i ik
e, = (cosf  sin® 0) N =8, x 3, = i(sinf) — j(cosO) + k(rcos20 + rsin0)
ég = | (-rsinf rcosf 1) = (sin@,—cos0,r)

|]_\7| = Jsin20 + cos20 + 12 = J1 + 12
The density is 6 = /x> +y> =r. So the mass is
. 32 73
M= [[sas = [[ s |N|ardo = j; jzr,/l 17 drdg = 2{%} = 223102 - 1)

0

Consider the spiral ramp describeg in the previous problem.
Find the flux of the vector field F = (0,0,z) wupward through the spiral ramp.

472

on? Correct Choice

Solution: From the previous problem N = (sinf,—cos@,r) which is oriented upward.
On the ramp, F = (0,0,0). So the flux is

[[F-ds=[[F-Narao = Iz”IZQrdrdQ — [%2]2[%2]2 — 92



B —
5. Compute I F+ds for F=2x+y,x+2y) alongthe line segment from A = (2,2) to B = (3,3).
4

Hint: Find a scalar potential.

15 Correct Choice
6

0

-6

-15

o a0 o

Solution: 7 = (2x+y,x+2y) = Vf for f=x>+xp+y> since O =2x+y and Oyf = x + 2y.
5 33) -
By the F.T.C.C. IF-d§:I Vieds = f(3,3) - f2,2) = (9+9+9)— (4+4+4) = 15
(2,3)

B > - .
6. Compute I Fe+ds for F=(-y,x,2) alongthehelix 7#0) = (4cos6,4sin6,30)
A
from A4 = (4,0,0) to B = (4,0,6m).

a. 0

b. 407

c. 42n

d. 44n Correct Choice
e. 46n

Solution: Since V x F = (0,0,2) + 6, there is no scalar potential and we cannot use the F.T.C.C.
So we compute the line integral from its definition: .
V = (—4sinh,4cos0,3) F|4‘(9) = (—4sin6,4cos0,2) F+V = 16sin0 + 16cos?0 + 6 = 22

jjﬁ-ﬁ: j;”?v.vde - j;ﬂzzde — 44

7.  Compute §(sinx + 5y)dx + (3x + cosy) dy
or

clockwise around the complete boundary

of the triangle shown at the right.

Hint: Use a Theorem. - - <
a. 12
b. 8 Correct Choice
c. 0
d -8
e. —12

Solution: P = sinx + 5y QO = 3x+cosy 0xQ—-0,P=3-5=-2
By Green’s Theorem, (There is a minus sign, since we want clockwise.)

§7v.d§ - —”(axQ— 0,P) dxdy = —”—2dxdy — 2(arca) = 2(4) = 8
oT T T
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Compute §I_§d§ for F = (x2,2x3)

along the piece of the parabola y = x?
from (-3,9) to (3,9) followed by the
line segment from (3,9) backto (-3,9).

Hint: Use Green’s Theorem.

0

81

162

324 Correct Choice
405

Solution: §1_5 ods = §de +Qdy with P=x?y and Q = 2x>. By Green’s Theorem,
§I_§-d§= J.s jg (00 — 0,P)dydx = r J.g (6x2 — x?) dydx = J.s 5x2[y]9 dx
3 3det d 3 Jx2 -3 x?

- J‘73(45x2 —Sxtydx = [15x° — x5, = 2(15 -3 - 35) = 324

Compute “.I_*L .dS  over the complete surface of the cylinder x2+y> <4 for 0<z<3

oC
oriented out from the cylinder for F = (xz,yz,z?).

Hint: Use Gauss’ Theorem.

24r

367

T2r Correct Choice
144

2881

Solution: By Gauss’ Theorem, ”1_5 . dS = J‘”‘_V) FdV and V-F=z+z+2z=4z

oC C
N 3 027 02 3 2
J'.L[V-Fde IOIO j04zrdrdedz:4[%}0(%)[%]0 - 4(%)(27:)(2) — T



2 o4
10. Sketch the region of integration for the integral I I , xcos(y?)dydx in problem (11).
0°x

Select its value here:

1.
a5 sin16
b. % sin 16 Correct Choice
1
¢ 5 sin4
1
d. 7] sin4
1.
e g sin2
Solution: Reverse the order of integration: 4
2 o4 4 y
j j xcos(y?) dydx :j jﬁxcos(ﬁ)dxdy
09x2 090
ar 2 Wi 4
= I [x—cos(yz)] dy = J. L cos(?)dy 2T
ol 2 =0 0 2
Substitute:  u =y>  du=2ydy ydy= %du
2 o4 1 1. 0-
I I xcos(y?)dydx = - Icos(u)du = —sin(u) 0o 1 2
09 x2 4 4 X
= lsin(y2)|4 = Lsinie6
4 o 4
Work Out: (Points indicated. Part credit possible. Show all work.)
4
11. (5 points) Sketch the region of integration Solution: y
2 o4
for the integral _[ _[ xcos(y?).
02 274
Shade in the region.
Compute its value in problem (10).
0-
o 1 2



12.

(20 points) Verify Stokes’ Theorem ”_V’ x FdS = § F.ds

s oP
for the vector field F = (-2yz,2xz,z%) and the surface which is
the piece of the paraboloid P givenby z = x?+)? between
z=1 and z =4 oriented up and in.

Notice that the boundary of P is two circles.

Be sure to check orientations. Use the following steps:

The paraboloid may be parametrized by ?Z(r,@) = (rcosf,rsinf,r?*) for 1<r<2.
i j k
e, = (cosf, sinf, 2r)

eg = (-rsin@, rcos6, 0)

N =38, x 8y = i(~2r2cos6) — j(2r?sin0) + k(rcos?0 + rsin20) = (=22 cos0,~2r2 sin0, r)
N has the correct orientation.

i)k
VxF = Q2 9 9 |_ 1(—2x) = J(2y) + lAc(Zz +2z) = (-2x,-2y,4z)

ox oy Oz ’ ’

—2yz 2xz Zz?
VxF|. = (-2rcos,~2rsing,4r?)
R(r0)

l

- o

Vx F+«N = 4r3cos?0 + 413 sin%0 + 4r3 = 813

VnE-dS=[[VxF-Nardo = [ [ 83 drdo = 22[2:12 . = 4n(16 - 1) = 60n
] ] 0 31 r=1



Recall F = (-2yz,2xz,2%)

Parametrize the upper circle U and compute the line integral.
7#(0) = (2cosh,2sinh,4)

V(0) = (-25sinh,2cos6,0) oriented correctly counterclockwise

17“|ﬂ(9) = (~16sin0, 16c0s6,16)

N 2 - 5 2r . 2r
§F-d§= j F-3do = j 325in20 + 32 cos20d6 — j 32d6 = 64r
U 0 0 0

Parametrize the lower circle L and compute the line integral.

#(0) = (cos0,sinb, 1)

V(0) = (—sinh,cos6,0) oriented counterclockwise, need clockwise
Rev V(0) = (sinf,—cosh,0)

1_5|?(9) = (-2sinb,2cos0,1)

§F a5 = jjﬂﬁ-we - j;”—zsinze—zcoszede - —jz”2d9 —
L

Combine §1_5d§’ and §13d§’ to get §I_~Ld3
U L ac

iﬁ.db?:ﬁ-dhﬁ-ﬁ:64n—4n=60n
oP U L

which agrees with part (a).



13. (15 points) (Also replaces Exam 3 #12.)

Find the mass of the solid between the hemispheres

2 2

and z= /16-x%>-y

1
x2+yr+zr

9—-x2-y

for z> 0 ifthe densityis o =

Solution: In spherical coordinates, 3 < p <4 and o = % and dV = p?sinpdpdepdo.

p
M = j”édV j‘znjﬂ/2j‘ psm(pdpdgode 27r|:p :[—cosq)]z/z

= 2n(4-3)(-0——1) = 21

14. (15 points) (Also replaces Exam 3 #13.)
Find the centroid of the solid inside
the paraboloid z =x?>+3)* for 1<z<4.

Hint: Put the differentials in the order drdzdo.

Solution: In cylindrical coordinates, dV = rdrdfdz and the paraboloidis z=r> or r= Jz.

The volume is:

v=|[[1av= j jj rdrdzd9—27rj|:”2—2:| dz—ﬂj?zdz=ﬂ|:§:|j

_ _1y - 15x
—2(16 1) >

The z-moment is:

v. = [[[zav = Izﬂj4jﬁzrdrdzd0 - 2ﬂj4z|:r72:|ﬁdz
) 13 O4 1 0
=ﬂjlzzdz=ﬂ|:%:|l — Z(64-1) =2lr

So the z-component of the centroid is:

Ve 12— = 12 3

V 157~ 5

2:

We know X =3p =0 by symmetry. So the centriodis (X,7,Z) = (0, 0, 15—4>



