Name ID Section

MATH 253 EXAM 3 Fall 1998
Sections 501-503 Solutions P. Yasskin

Multiple Choice: (7 points each)

<
L]

T
I

1. If  F= (yzcosx, ysinx, zsinx)  then
a. —yzsinx
b. (2-yz)sinx correctchoice
c. (—yzsinx, —sinx, sinx)
d. (0, (z-y)cosx, (Y- z)cosx)
e. (—yzsinx, sinx, sinx)

s . = _ i i . i . _ . . . _ B .
VeF X (yzcosx) + EY, (ysinx) + 57 (zsinx) YZSinX + SinX + sinX = (2 — yz) sinx

2. If  F= (yzcosx, ysinx, zsinx)  then VxF =
a. (0, (y—2z)cosx, (y—z)cosx) correctchoice
b. 2(y—z)sinx
c. (-yzsinx, —sinx, sinx)
d. (0, (z-y)cosx, (Y- z)cosx)

e. 0
7 i k
VxF= Ox dy 0, = 1(0—0) — j(zcosx — ycosx) + k(ycosx — zcosx)

YyZCOSX YSinX zsinx
= (0, (y-2)cosx, (Y- 2)Ccosx)

3. Find a scalar potential for F = (yzcosx, ysinx, zsinx).
a. —yzsinx

b. yzsinx

(yzsmx, 5 sinx, 5 sinx

. yzSinx + 5 sinx + > sinx

e. Does Not Exist correctchoice

o

o

Since V x F 6 there is no potential.



B - N
4. Compute the line integral j Fe.ds ofthevectorfield F=(y,—xz) alongthe
A

helix H parametrized by ?(T) = (3c09,3siM,0) between A=(3,0,0 and
B =(-3,0,3).

2n?% — 181

2r

2 oo

2 .
9 o correctchoice

V = (-3sind, 3cod, 1) F = (Y,—X,2) = (3sind,—-3c09,0)
B - 3t 3n X 3n
[ Feds= [ Fevdo- | (-9sirPo—9cog6+6)do = [ (-9+0)do
0 0 0
H

A

- [—99+9—22}z” = 27+ %=

5. Find the total mass of the helix H parametrized by  T(t) = (3co%, 3sing,0)
between A=(3,0,00 and B=(-3,0,3r) Iifthe linear mass density is
p=3+2z

r +1?)

27(r + 7?)

9Y10(x +72)  correctchoice

J10(67 + 4n?)

6 + 4r?

T and hence V are the same as in #4. So: N| = V9sirf0 +9cog0 +1 = /10
3r -
p=3+22=3+20 M = | ~(3+20) V10 db = JIO[30+67 ]2 = JT0(9r + 97?)
0

> 2 0 T o

6. Compute §(4x— 3y)dx+ (3x—2y)dy  counterclockwise around the edge of the
triangle with vertices  (0,0), (0,3) and (2,0).
(HINT: Use Green’s Theorem.)
a. 3
b. 6
9
12
18 correctchoice

§de+Qdy= ” (%—(3—%—5) dxdy= ” (3--3) dxdy= 6(area of triangle )

triangle triangle

_.l..:
=6+5+2-3=18

® 20



7. Compute Vﬁ X I? . dg for the vector field I? = (-y,XZ over the paraboloid
( )
P

z=x>+y? for z<9 with normal pointing in and up.
(HINT: Use Stokes’ Theorem.)
a. 2n
3n
Az
O
18z correctchoice

® 200

By Stokes’, ’”6 x FedS= ff Fedd Sowe parametrize the boundary circle:
P P

T(0) = (3co9,3si9,9) V= (-3sind,3c09,0) F = (-y,x,2) = (-3sind, 3cow, 9)
e — 2T — 2n

HVxF-dszj Fevdo— | 9do-18r

o 0 0

8. (25 points) Green’s Theorem states that if Ris a nice region in the plane and oR s its
boundary curve traversed counterclockwise then

_[J(%—g—g—;)) dxdy= iPdXJery

Verify Green’s Theoremif P=-x?%¥ and Q=xy?> andRisthe region inside
the circle  x?+y? = 4.

a. (5 pts) Compute %—S - 2—5 (HINT: Use rectangular coordinates.)

0Q 0P _ 0 2y O 2y — 2 4 x2
8X 8y - 8X(Xy) 8y( Xy) y +X

b. (10 pts) Compute ”(%—g - 2—5) dxdy
R

(HINT: Switch to polar coordinates and don’t forget the Jacobian.)

”(%—3 - 2—5) dxdy= ”(xz +Yy?) dxdy= Izﬂ jz(rz) r drdo = 27[[%}2 = 8
R R

c. (10 pts) Compute § Pdx+ Qdy. (HINT: Parametrize the boundary circle.)
oR
T(0) = (2cos,2sig) V() = (-25sind, 2coH)
F = (-x?y,xy?) = (-8cogdsing, 8 coPsin’g )
F eV = 16C020sin%0 + 16 co20sin2g = 32co20sin2g = 8(2sind cosh)?
— 8sirR(29) = 8% — 4— 4cog46)

2 . o
§ Pdx+Qdy- jo 4-4cog49) do = [46 - sin(46) ]2 = 8n
oR

Note: The answers to (b) and (c) are the same.



9. (15 points) The spiral ramp at the right
may be parametrized as
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ﬁ(r,e) = (rcos,rsing, )
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for 0<r<2 and 0<0< 3.

Compute ” JX2+y? dS  over

this spiral ramp.

T J k |ﬁ| = Jsin20 + coO +r2 = J1+r2
R = [ 3 p2
Re= (coss,  sing. 0O [ 57 ds= [* [FrTe7 dras
Re = (-rsinf, rcos, D . 0 3/2 )
N = i(sing) — j(cosd) + k(r) = 3”[75(1“2) }O = n(5%2-1)

10. (25 points) Gauss’ Theorem states that if Vis a solid region and ¢V is its boundary
surface with outward normal then

jjﬁ.fzdvz jjﬁ-dé
\% oV
Verify Gauss’ Theorem if [ (x22,yz2,z%)  andV is the solid region above the

paraboloid z=x?>+y? belowtheplane z=4. Notice that oV consists of two
parts: a piece of the paraboloid P and a disk D.

a. (7 pts) Compute ”j% «Fdv. (HINTS: Compute VeF in rectangular
\%

coordinates. Integrate in cylindrical coordinates.)

R
oF=272+72+372 =57°

<!

veEav= [T 1" 5z2r dzarad = 2x [*[52+ )" dr = 203 [“[64r — r7]ar
0 J09Jr2 0 z=r? 0

\Y 3 3
_ A0t a2 18 7% _ 10r (10a_ a9y _ 107 (qa1 _
- 10 [32 . }O It [128-32] = 1% [96] - 320r



b. (8 pts) Compute ”T: . dS (HINT: Here is the parametrization of the
P

Baraboloid.)
R(r,8) = (rcosd,rsind,r?)

i i k
ﬁ, = (co9, sing, 2r)
Ro = (—r sing, r cosd, 0)

N= 7(-2r2cosd) — j(--2r2sind) + K(r) = (-2r2cosd,—2r2sing,r)
E(ﬁ(r,@)) = (x22,y2?,2%) = (r°cos,r°sing,rb)

jjT:. dS= Izﬂ jzrz. N drdg = Izﬂ jz(—2r7cosz9—2r7sin29+r7) drdé
P
(TP drdo = 22[ -2 7" = —22(32) = 6t

c. (7 pts) Compute _” FedS (HINT: You parametrize the disk.)
D
R(r,0) = (r cos, r sing, 4)

i i k

ﬁ, = (co9, sing, 0)
Ro = (-rsind, rcosd, 0)
N= (0, 0, )

E(ﬁ(r,@)) = (x22,yZ?,7%) = (16r cosd, 16r sind, 64)

[[Feds-= jzjzfzﬁ drdg = jzﬂjzm drdg = 2z[32r2]2 = 265t

D

d. (3 pts) Combine ”T: .dS and ”T: .dS  to obtain ”T: . dS
P D oV
Be sure to discuss the orientations of the surfaces and to give a formula before
you plug in numbers.

The normal to 6V must point outward. The normal to P points in and up but should
point down and out. So an extra minus is needed. The normal to D points up
which is correct. So:

[[FedS=-[[Feds+|[FedS=—-64r + 2561 - 3200
oV P D
Note: The answers to (a) and (d) are the same.



