Name ID Section

MATH 253 FINAL EXAM Fall 1998
Sections 501-503 Solutions P. Yasskin

Multiple Choice: (10 points each)

: 1 2., v3 4 ... ool XS X5 XD
HINTS: T-x =1+ X+X+X+ sinx = X 30 + =] 7 +
X _ x2 ., x3, o x2  xr x8
e—1+x+2+3!+ cosx =1 2!+4! 6!+
1. Compute [jm -3
o 1+ n3
a. 0 correctchoice
b. 1
c. 2
d. 3
e. Divergent
1 3
lim—30%_ _|jm-3n2_1n° _in_M_ _g
o l4nd e l4nd 1 e 19
n3 n3
2. Find r suchthat 5+5r+5r2+5r3+5r4+... =3.
a 2
) 52
b _3§
C. g
d. 3
e. —% correctchoice

> -3 2 1t r=1-2-_2

1-r 3 3 3




99 1 1
3. Compute Z(—— )
=\ Jk Jk+1

a. .9 correctchoice
b. .99

c. 1

d. 1.1

e. Divergent

B3 -r)-(3-2) (-2 (3n)
e\ vk Jk+1 Ji 2 2 2 J99 /100

11 _
=1 10 9
4. The series Z# is
2
=
a. divergent by comparisonto ) 1
= Jn
. - 1 .
b. convergent by comparison to Z - correctchoice
n=1
c. divergent by the ratio test.
d. convergent by the ratio test.
e. divergent by the n"-term test.
In the series Z % the largest term in the denominatoris  n?.  So, we
=
apply the Comparison Test by comparing with Z n_12 which is a convergent
n=1
-series since ~2>1  Since n?+JA>n?> wehave —Lt — <-1
p p Jn 2t /m o n
So —1 _ isalso convergent.
L ’



- 2
5. The series Z:(—l)”‘?‘L3 is
o 1+n

a. absolutely convergent.

b. conditionally convergent. correctchoice

c. divergent to oo.

d. divergent to —o.

e. oscillatory divergent.

. - 2 . . . .
The series Z(—l)”% is convergent because it is an alternating, decreasing
n=1
: . 3p2 o 32 :
seriesand  lim + = 0. The related absolute series is =  Which
N—o 1+ n =1 1+ n
is divergent by the Integral Test since ) 1%:‘?(3 dx = [In(1+x3) } =w. SO
1 1
Z(—l)” 3n? 3 is conditionally convergent.
1+n
n=1
_ 2
6. Compute Ilim cog2x) 41+ e
X-0 X
a. 0
1

b. 24

C. E

d. % correctchoice

e. ©

|:1_ (ZX)Z + (2X}4 — ... :| —14+2x2
. cog2x) —1+2x* . 2! 41
lim = lim
X-0 X4 X-0 X4
9%
— i 4 _ 16 _2
- I)m x4 24 3



) o0 B 1 o0 B
7. Giventhat > x" = 1 (forixi<1), then (for |x| < 1) we have D nx =

1-x
1

(1-x%)?

a X 2 correctchoice
—X

X
1-—
n

1-x

e

X

- S n 1 d 1
Startwith > x" = T Aeply £ toget an = Toxn? x)

Muliply by ~x toget > nx"= —X

8. Find the x-coordinate of the center of mass of the rectangle 0<x< 3,
0<y<2 ifthedensityis p = xy.
a. .5
b. 1
.15

C
d. 2 correctchoice
e




9.

10.

11.

Find the mass of the solid inside the cylinder x2+y? =1  above the paraboloid
z=x2+y?> andbelowtheplane z=2 ifthedensityis p=x2+y2.

7T
a 5
b. ZTE correctchoice
C. &
3
2
e. 2n

In cylindrical coordinates, the cylinderis r =1  the paraboloidis z=r2 and
the densityis  p =r2.

M = ”jpdv: Izﬂ I;ji r2rdzdrdd = 2 Iz[r3z TZ dr = 2n_[(1)r3(2—r2) dr

r
4 6 11
2R -a{3-4]- %
If  F=(xz2,-yz2,z%) then VeF =

(2%,2%,32%)

(22,-2%,32%)

372 correctchoice

572

2(y - x)z

® 20 T o

VePFB = O (v2yy O ¢ yRys O (53y - 52 _ 52 2 _ ap
VeF 8x(xz)+8y(yz)+8z(z) z°-72°+32° =32

If  F=(xz2,-yz2,z%) then VxF=

a. 2(y—xz
b. 2x+y)z
c. (2yz—-2xz0)
d. (2yz 2xz 0) correctchoice
e. 0
Tk
VxF=| 8, &, 8, |=10--2y2)—j(0-2x2)+kO0-0) = (2yz2xz0)

xz? -yz 7°



12. Compute _L y?e¥dx+ (L+xy)evdy along the spiral  T(t) = (tcost,tsint)
r(t)
from t=xn to t=3r.
HINT:  Find a scalar potential for F= (y2e9, (1 + xy)ev).

a. —2r

b. O correctchoice

C. 7

d. 3z

e. 4x

of _ \2exy - y of _ o y d_ - Xy ﬂ
X y-e = f=yeY+o(y) = oy eV + xye¥ + dy (1+xy)e? + dy
of _ Xy dg _ - =

oy (1+xy)e = dy 0 = g=C Take C=0.

So f=yeY

_y?evdx+ (L+xy)evdy = f(r3r)) —f(¥(r)) = f(-3r,0) — f(-x,0) = 0e° - 0e° = 0
r(t)

Work-Out Problems

. ; . (_xz):w_nX_zn: —x2 X—4—X—6
13. (25 points) You are given: e Z;( DN =1 B ey

a. (10pt) If  fx)=e), find f©(0).

(6)
Thetermwithan x® s %xﬁ = _XT:' So:
f6)(0) = —% = 51 =-120

b. (10 pt) Use the quadraticO Taylor polynomial approximation about x=0 for
1
e to estimate _[ e dx  (Keep 8 digits.)
0

The quadratic Taylor polynomial approximationis e(*) ~ 1-x2.  So:

0.1 0.1 3 0.1
() dx ~ 2 dx= | xo X2 - 1_-001 _
jo e(%) dx jo 1-x2 dx [x : }O 1--001 _ 09966667

0.1
c. (5 pt) Your result in (b) is equal to _[O e(>*) dx  to within + how much? Why?

Since e™) and _[ e(™*)} dx are alternating decreasing series, the
0

error is at most the next term:

0.1 4 5 0.1 .15
X gy [ X2 _ (1) aae
jo . dx_[lo}o - L0 — 10 - 000001




14. (15 points) Find the interval of convergence for the series Z Xx=5" :

3"n3

Be sure to identify each of the following and give reasons:
(1 pt) Center of Convergence: a-= 5

_ (X—S)n _ (X_S)I’H—l
an 33 anvl 3n+1(n T 1)3

i | Bnet x=5" 3mn® | _ | X=5(_n 3| _ Kx=5|
p_!ll—rl-l| | N0 3n+1(n+1) (X 5) _||’1|—II<]> 3 (n+1) o 3

. e x=9]
The series converges if 5 < 1 o x-5<3
Radius of Convergence: R= 3 (5 pt)

(1 pt) Right Endpoint: x=__5+3=28

The series Z (83nn53) Z n_13 converges because it is s p-series with

p=3>1

Converges
At the Right Endpoint the Series verg (circleone) (3 pt)

Diverges

(1 pt) Left Endpoint: x = 5-3=2

*© _E\n X/ 1\n
The series Z (23”n53) = Z ( n13) converges because its related absolute
n=1

o0
series Z % converges OR  because itis an alternating decreasing series

and lim % =0.
N—o0 n
i _ Converges _
At the Left Endpoint the Series (circleone) (3 pt)
Diverges
(1 pt) Interval of Convergence: 2<x<8 or [2,8]




15. (30 points) Stokes’ Theorem states that if Sis a surface in 3-space and 6Sis its
boundary curve traversed counterclockwise as seen from the tip of the normal to S
then

[[VxF-ds—§ Fec8
S oS
Verify Stokes’ Theorem if ~ F = (-yzxzz?) and Sis the part of the cone
z=Jx2+y?> below z=2 with normal pointing in and up.
X

a. (5 pt) Compute V x F. (HINT: Use rectangular coordinates.)

Tk
VxF = Ox 0y 0, | =10-x)=jO0--y)+k(z--2) = (XY, 22)
-yz Xz 2

b. (10 pt) Compute  [f V xFedS
S
(HINT: Here is the parametrization of the cone and the steps you should use.
Remember to check the orientation of the surface.)

ﬁ(r,e) = (rcos,rsind,r)

ﬁr = (cod,sind, 1)

Ry = (-rsind,r cosd,0)

—

N = i(-rcosf) —j(rsind) + k(r) = (-r cosd,—r siné,r)
I} VxFedS= J.ZEJ.ZBerrdO = 27[r%)} = 16n
s 0 Y0

V x I?) (ﬁ(r,e)) = (—rcosd,—rsing, 2r)

v xT:) « N = r2cos0 + r2sin?6 + 2r2 = 3r2

c. (15 pt) Compute § Fedd. Recall F= (~yz,xz,2%).
S
(HINT: Parametrize the boundary circle. Remember to check the orientation of the

curve.)
T(0) = (2cosp, 2siMd, 2) V(0) = (—2sind, 2 cos, 0)
F(T6)) = (-4sing, 4cod, 4) FeV=8sir0+8cogd = 8

— 2r
iF-d—s’zjo 806 = 161



16. (20 points) Find the minimum value and its location(s) for the function  f(x,y) = xy
on the ellipse  9x? +4y? = 72

f=xy g=9x?>+4y>-72 §f=(y,x) §g=(18x,8y)
y=118 = A=-L

of _ 10 18x Y _ X 2 _ Oy2
Vi = Avg: = = = & = 4y? = 9x
g X = A8y :>/l=8iy 18x 8y Y

Constraint:  9x?>+4y2 =72 1&? =72 x2=4 x=%2
y=+3x=+3(+2) - 43

Critical points:  (2,3), (2,-3), (-2,3), (-2,-3)
f2,3)=6, f2,-3)=-6, f-2,3)=-6, f-2,-3)=26

The minimumis -6 at (xy)=(2,-3) and xy) = (-2,3).



