Math 311-504
Topics in Applied Mathematics

Lecture 6:
Row echelon form (continued).
Linear independence.



System of linear equations:

aiiXy + apXo + -+ -+ aipXy, = bl
ar1 X1 + axpXo + -+ arypX, = b2

.........

AmiX1 + ameXo + -+ -+ @mpXp = bm

Coefficient matrix (m x n) and column vector of the
right-hand sides (m x 1):

dil1 412 ... din b1
a1 a» ... an b

aml am2 .- amn b,



System of linear equations:

aiixy + apXo + -+ aipX, = bl
anx1+ anxo + -+ anx, = by

Am1X1 + ameXo + -+ -+ @mpXp = bm

Augmented m x (n+ 1) matrix:

dil d12 ... din b1
dpy 4y ... aon b2

aml am2 --- amn| bm



Solution of a system of linear equations splits into
two parts: (A) elimination and (B) back
substitution.

Both parts can be done by applying a finite number
of elementary operations.

Since the elementary operations preserve the
standard form of linear equations, we can trace the
solution process by looking on the augmented
matrix.

In terms of the augmented matrix, the elementary
operations are elementary row operations.



Elementary operations for systems of linear equations:
(1) to multiply an equation by a nonzero scalar;

(2) to add an equation multiplied by a scalar to
another equation;

(3) to interchange two equations.

Elementary row operations:
(1) to multiply a row by some r # 0;

(2) to add a row multiplied by some r € R to
another row;

(3) to interchange two rows.

Remark. The rows are added and multiplied by
scalars as vectors (namely, row vectors).



di1 412 ... ain bl Vi
dp1 dpp ... aon b2 . Vo
amli am2 --- amn | bm Vo

where v; = (a1 app ... aj| bj) is a row vector.



Operation 1: to multiply the ith row by r # 0:

[ v Vi




Operation 2: to add the ith row multiplied by r to
the jth row:

(Vl \ ( Vi \
V; V;

\Ji VJ‘—I- rv;

O R




Operation 3: to interchange the ith row with the
Jth row:

/V;\ /V;\

V; V;

)\




The goal of the Gaussian elimination is to convert
the augmented matrix into row echelon form:

e all the entries below the staircase line are zero;
e boxed entries, called pivot or leading entries,
are nonzero;

e cach circled star corresponds to a free variable.



Strict triangular form is a particular case of row
echelon form that can occur for systems of n

equations in n variables:

Matrix of
coefficients



The original system of linear equations is consistent
if there is no leading entry in the rightmost column
of the augmented matrix in row echelon form.
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Inconsistent system



The goal of the back substitution is to go from row
echelon form to reduced row echelon form (or
simply reduced form):

_0 # % 0 % 0 0 = )
@@0 * 0 0 * % | %
0 «

e all entries below the staircase line are zero;

e cach leading entry is 1, the other entries in its
column are zero;

e cach circled star corresponds to a free variable.



Example.

X — y = 2 1 -1 0]2
2x — y — z =3 2 -1 —-1/3
X +y + 2z =256 1 1 1|6

Row echelon form (also strict triangular):
X — y = 2 -1 0| 2
y — z = -1 |0 -1 | -1
3z = 6 \0 O 6

Reduced row echelon form:

X = 3 1] 0 03
y =1 0 [1] 01
z = 2 0 0 [1]]2



Another example.

x + y — 2z =1 11 =21

y — z =3 1 —-11/3

—x + 4y — 3z =1 -1 4 3|1
Row echelon form:

X +y — 2z = 1 1 2| 1

y — z= 310 [1] -1 3

0 = —13 0O 0 0}]|—-13

Reduced row echelon form:

X -z =0 1] o -1]0
y —z =20 0 [1] =110
0 =1 0 0 0f[1]



Yet another example.
x+y221(1121

y — z 3
—x + 4y — 3z = 14

Row echelon form:

x +y — 2z =1 1] 1 —2|1
y — z =3 <013
0 =0 0 0 0/0

Reduced row echelon form:
% — z = =2 1] 0o —1|-2
y —z = 3 0 [1] —1] 3
0= 0 0 0 0] 0



New example Xy +2x3+ 3% =6
PI€- 1 X, + 25 + 3x3 + 4x, = 10

Augmented matrix: 01236
& “\1 23410

To obtain row echelon form, interchange the rows:

1] 2 3 4|10
0 (1] 2 3|6

The system is consistent. There are two free

variables: x3 and xg.
To obtain reduced row echelon form, add —2 times

the 2nd row to the 1st row:



23410_}0—1—2—2
0 [1] 2 3|6 0 [1] 2 3| 6

X1 — X3 — 2Xg = —2 X1 = X3+ 2x4 — 2
X0 +2x3+3x4 =6 Xo = —2x3 — 3x3 + 6

General solution:

x1=t+2s—2

Xp = —2t—35+6

o=t (t,s € R)
X4y =S

(x1,x0,x3,%4) = (t +25 —2,—2t — 35+ 6,t,5) =
— #(1,-2,1,0) + s(2,—3,0,1) + (—2,6,0,0).



ayxy + apXxo + -+ -+ aipXy = by
dani1Xi 4+ dooXo 4+ 4+ aonXn = b2

amiX1 + ameXo + -+ -+ @mpXp = bm

The system is consistent if there is no leading entry
in the rightmost column of the reduced augmented
matrix. In this case, the general solution is

(Xl,Xg, .. ,Xn) = t1v1 + vy + - - - + Vi + Vo,

where v; are certain n-dimensional (row) vectors
and t; are arbitrary scalars.

k = n — (# of leading entries)




Definition. A subset S C R" is called a hyperplane
(or an affine subspace) if it has a parametric
representation tjvqy + thvo + - - - + Vi + Vo,

where v; are fixed n-dimensional vectors and t; are
arbitrary scalars.

Hyperplanes are solution sets of systems of linear
equations.

The number k of parameters may depend on a
representation. The hyperplane S is called a
k-plane if k is as small as possible.



Example. Suppose v, = rvy, where r € R.
Then tjvy + tHhvy + v = (tl + rtg)vl -+ V.

Hence tjvi + thvo 4+ vg and tvy + vg are different
representations of the same hyperplane.

O-plane is a point.

tvy + vg is a 1-plane if v; #£ 0.

tivy + thvo + Vg is a 2-plane if vectors v; and v, are
not parallel.

Thus 1-planes are lines, 2-planes are planes.



Definition. Given vectors vi,Vo, ..., v, € R"” and
scalars ty, ty, ..., tx, the vector

tivy + vy + - - - + vy

is called a linear combination of vectors vy, ..., vy.
The linear combination is called nontrivial if the
coefficients tq,..., t, are not all equal to zero.

Proposition The following conditions are equivalent:
(i) the zero vector is a nontrivial linear combination
of vi,...,vg;

(i) one of vectors vy, ...,V is a linear combination
of the other kK — 1 vectors.



Proof: (i) = (ii)  Suppose that
tivi + tvo + - - + tev, = 0,
where t; # 0 for some 1 </ < k. Then

(i) = (i)  Suppose that

Vi =nvy+ - hoaVien Vg o o Vg
for some scalars r;. Then
nvy+ -+ roavioy — Vi i+ v = 0.

Definition. Vectors vi,vy,...,v, € R" are called
linearly dependent if they satisfy condition (i) or
(i) of the proposition. Otherwise the vectors are
called linearly independent.



Vectors vy, vy, ...,V € R” are linearly independent if
tvi+ v+ -+ vy =0 = 1 =---=1t=0
Let v; = (a1, 32i,...,a,) for i=1,2,... k. Then
the vector identity t;vi + thovo + - - - + teve = 0 is
equivalent to the system
aiity + apty + -+ -+ awkte =0
axti + apty + -+ + axty =0

amti +amto + -+ aptk =0
Vectors vq, Vo, ..., Vi are columns of the coefficient

matrix. The system is consistent. The zero
solution is unique if the number of nonzero rows in

the reduced matrix is exactly k.



Definition. A system of linear equations is called
homogeneous if all right-hand sides are zeros.

Proposition A homogeneous system can not have
a unique solution if the number of equations is less
than the number of variables.

Corollary Vectors vi,vy, ..., v, € R" are linearly
dependent whenever k > n.

Theorem A hyperplane

tivi + vy + - - - + Vi + Vo
is a k-plane if and only if vectors vy, v, ..., v, are
linearly independent.



Problem. Determine whether vectors
vi=(1,2,1), v =(—1,-1,1), and v3 = (0, -1, 1)
are linearly dependent.

We need to check if the vector equation t;vy + thvo + t3vz = 0
has solutions other than t; = t, = t3 = 0.

The vector equation is equivalent to a system of 3 linear
equations in variables t, t, t3. Vectors vy, vy, v3 are columns
of the coefficient matrix of the system.

1 -1 0/0
Augmented matrix: | 2 —1 —1/0
1 1 1(0
1 -1 0/0
Row echelon form: | 0 1 —-1|0
0O 0 3|0

There are no free variables = the zero solution is unique
—> the vectors are linearly independent



