MATH 409
Advanced Calculus |

Lecture 14:
The derivative.
Differentiability theorems.



The derivative

Definition. A real function f is said to be
differentiable at a point a € R if it is defined on
an open interval containing a and the limit

im f(a+ h)— f(a)

h—0 h
exists. The limit is denoted f'(a) and called the
derivative of f at a.

f(x)—f
An equivalent condition is f'(a) = lim M.
X—a X — a

Remark. The one-sided limits lim %‘C(a) and
x—a+ X
lim w are called the right-hand and left-hand

X—ra— -
derivatives of f at a. One of them or both might exist even if

f is not differentiable at a.



Examples
e Constant function: f(x) =c¢, x € R,

f(X*th),_f(X):C;C:o forall x €R and h 0.

Therefore lim fix+ h) — F(x)
h—0 h

That is, f is differentiable on R and f'(x) =0 for all x € R.

=0.

e Identity function: f(x) =x, x € R,

f(X+h/)7—f(X):(X+:)_X:1 forall x e R, h#0.

Therefore lim flx+ h) — F(x)
h—0 h

That is, f is differentiable on R and f'(x) =1 for all x € R.

=1




Examples

o f(x)=x% x€R.

_ 2 2 2
f(x+h)—f(x) (x+h)?—x _ 2xh+h ot h

h h h

Therefore |lim flx+ h) = () = lim (2x + h) = 2x.
h—0 h h—0

That is, f is differentiable on R and f’(x) = 2x for all x € R.




Examples

. f(x):%, x € (—00,0) U (0, 50).

flx+h) —f(x) 1 11
h T h (x+ h ;)
1 x—(x+h) 1
h o (x+ h)x C(x+ h)x
Therefore lim flx+h) — f(x) = lim _; — _i_
h—0 h h—0  (x + h)x X2

That is, f is differentiable on R\ {0} and f'(x) = —1/x? for
all x #0.



Examples

o f(x)=+/x, x €[0,00).
fx+h) —f(x) _ W VX

h
(\/x+ \/_)(\/x—l— +vx) 1
h(Vx + h+ /) VX h X
In the case x > 0,
i f(x+ h) —f(x) fm 1 1
| = |l == )
h—0 h =0 /X 4+ h+x  2vx
In the case x =0, Ilim M = |im i = +00.
h—>0+ h h—0+ \/h

Hence f is differentiable on (0,00) and f'(x) = 1/(2/x) for
all x > 0. It is not differentiable at 0.



Examples

e f(x)=sinx, x €R.

Using the formula sina —sin § = 2 sin a ; b cos a ;L B,
we obtain
f(x+h)—f(x) _sin(x+h)—sinx 2 sinﬁ o 2x+ h
h B h hT 2 2
Therefore lim flct h) = F() = |lim g sinﬁ cos 2x + A
h—0 h h—0 h 2 2
B sin(h/2) . B B
= lim o ’I7|_r>rg) cos(x + h/2) =1 cosx = cos x.

That is, f is differentiable on R and f'(x) = cosx for all
x € R.



Differentiability —> continuity

Theorem If a function f is differentiable at a point
a, then it is continuous at a.

Proof: ; ;
lim £(x) = lim <f(a) + (Xx)%a(a) (x — a))

= fm @) fim "=

— f(a) + f'(a) - 0 = f(a).

Remark. Similarly, if f has a right-hand derivative at a, then
“m+ f(x) = f(a). If f has a left-hand derivative at a, then
X—a

lim f(x) = f(a).

X—a—



Sum Rule and Homogeneous Rule

Theorem If functions f and g are differentiable at a point
a € R, then the sum f + g is also differentiable at a.
Moreover, (f + g)'(a) = f'(a) + g’'(a).

(f +g)x) —(f +g)(a)

Proof: lim

= lim 7’[()2 — :(a) + lim gi(xj — ‘j(a) = f'(a) + &'(a).

Theorem If a function f is differentiable at a point a € R,
then for any r € R the scalar multiple rf is also differentiable
at a. Moreover, (rf)'(a) = rf'(a).

Proof. fim ) = (@) _ ) F) = @) _ o

X—a X —a xX—a X —a

(a).




Product Rule

Theorem If functions f and g are differentiable at a point

a € R, then the product f - g is also differentiable at a.
Moreover, (f -g)'(a) = f'(a)g(a) + f(a)g'(a).

Proof: Since f and g are differentiable at the point a, there is
an open interval | = (¢, d) containing a such that both f and
g are defined on /. For every x € I\ {a} we have

f(x)g(x) — f(a)g(a) = f(x)g(x) — f(a)g(x) + f(a)g(x)
a) = (f(x) —f(a))g(x) + f(a)(g(x) — g(a))-

— f(a)g( (x
Then (L&-18)a) _ -G g(y) | £(5)8)=80) g6 that
: f- f(x)—f
im O = (F8)@) _ =)
X—a X — a X—a X —a X—a

+ lim £(a) - lim gx) —8(a) _ f'(a)g(a) + f(a)g'(a).

X—a X—a X —a



Reciprocal Rule

Theorem If a function f is differentiable at a point a € R
and f(a) # 0, then the function 1/f is also differentiable at a.
Moreover, (1/f)'(a) = —f'(a)/f?(a).
Proof: The function f is defined on an open interval (c, d)
containing a. We know that f is continuous at a. Since
e = |f(a)| > 0, there exists 0 > 0 such that
|f(x) — f(a)] <e forany x € I =(c,d)N(a—0d,a+)9).
Then f(x) # 0 for all x € /. In particular, the function 1/f
is defined on /, an open interval containing a. Now
W0~/ _ (L LY
f(x) f(a)) x—a
i fla) —f(x) 1 —im <_f(x)—f(a). 1 )
x—a f(x)f(a) x—a x—a X—a f(x)f(a)
f(x)—f(a) . 1 _ f(a)
x~a  X—a x=af(x)f(a)  f2(a)’

X—a X — a X—a




Difference Rule and Quotient Rule

Theorem If functions f and g are differentiable at a point
a € R, then the difference f — g is also differentiable at a.
Moreover, (f — g)'(a) = f'(a) — g'(a).

Proof: By the Homogeneous Rule, the function —g = (—1)g
is differentiable at a and (—g)'(a) = —g’(a). By the Sum
Rule, the function f — g = f + (—g) is also differentiable at
a and (f —g)'(a) = f'(a) + (—g)'(a) = f'(a) — &'(a).

Theorem If functions f and g are differentiable at a € R
and g(a) # 0, then the quotient f/g is also differentiable at

a. Moreover, (Ef)’(a) = f'(a)g(ag);(:)(a)g’(a)_

Proof: By the Reciprocal Rule, the function 1/g is
differentiable at a2 and (1/g)'(a) = —g'(a)/g?(a). By the
Product Rule, the function f/g =1f-(1/g) is also
differentiable at a and (f/g)'(a) = f'(a)/g(a) + f(a)(1/g)'(a)
= (f'(a)g(a) — f(a)g'(a)) /&% (a)-



Chain Rule

Theorem If a function f is differentiable at a point a € R
and a function g is differentiable at f(a), then the
composition g o f is differentiable at a. Moreover,
(gof)(a) =g'(f(a)) - f'(a).

Proof: The function f is defined on an open interval

| =(a—9,a+ ) while g is defined on an open interval

J = (f(a) —e,f(a) +¢). Since f is continuous at a, there
exists o € (0,0) such that f(lp) C J, where

lo =(a—do,a+ d). Then gof is defined on . For any
x € Iy such that f(x) # f(a),

(gof)(x) —(gof)(a) _ &(f(x)) —g(f(a)) flx) —f(a)

X—a  f(x)—f(a) x—a
This implies the Chain Rule unless there is a sequence {x,}
converging to a such that x, # a while f(x,) = f(a). In this
case, one can show that (g o f)'(a) = f'(a) = 0.



Examples
o f(x)=cosx, x€R.

The function f can be represented as a composition
f=hog, where g(x) =x+m/2 and h(x) =sinx, x € R.
Since g’(x) =1 and H'(x) = cosx for all x € R, the Chain
Rule implies that f is differentiable on R and

f'(x) = W(g(x))g'(x) = cos(x +m/2) = —sinx for all x € R.

o f(x)=tanx, x € (—7n/2,7/2).

Since f(x) =sinx/cosx and cosx # 0 for all
x € (—m/2,7/2), the Quotient Rule implies that f is
differentiable on (—m/2,7/2) and

, (sin x)"cos x — sin x (cosx)’  cos? x + sin® x 1
f (X) = = =
cos? x cos? x cos? x

for all x € (7/2,7/2).




