On stability of periodic billiard orbits in polyhedra

Suppose a group G is generated by elements aq, ..., a,. Then any element
g # 1 of G is represented as a product g, 9 . .. gr, where each g; is a generator
a; or an inverse a;l. The smallest £ that allows such a representation is called
the length of g. The length of the unit element is set to 0. Notice that the
length depends on the set of generators.

The group G generated by aq,...,a, is called a free group with n gen-
erators (ay,...,a, are called free generators) if for any group H and any
hi,...,h, € H there exists a unique homomorphism f : G — H such that
fla;)) = h;; 1 < i@ < n. A nontrivial element g € G is represented as
a?flazg...a;?l, where [ > 1,1 < i; <nand m; # 0for 1 < j <[, and
i; # 141 for 1 < j < [. The group G is free if and only if such a representa-
tion is unique for any g # 1.

For any ¢ € [0,27) let

cos¢ —sing 0 1 0 0
Ay = sing cos¢ 0 |, By=1 0 cos¢ —sing
0 0 1 0 sing cos¢

Ay and By are matrices of two rotations in R?® by the angle ¢.

Proposition 1 For all but countably many angles ¢ € [0,2m), the subgroup
of SO(3) generated by Ay and By is a free group with two generators.

Proof. Let G be a free group with two generators a and b. For any
¢ € [0,2m) let Fy : G — SO(3) be the homomorphism such that Fjy(a) = A,,
Fy(b) = Bgs. We have to prove that F, is injective for all but countably
many angles ¢. For any g € G let Fy,(9) = (cjx9](¢))1<jr<s. Then cji[g] are
functions on [0, 27).

Let n > 1 be an integer. Recall that a trigonometric polynomial of degree
n is a function p : R — C such that p(¢) = ag + > ,_, (o cos k¢ + By, sin k¢)
for some «ay, By € C, where (o, 8,) # (0,0). A trigonometric polynomial of
degree 0 is a constant function. The degree of a trigonometric polynomial p is
denoted by deg p. Since cos k¢ = (e¢**+e7%*) /2 sin k¢ = (e*® — e~ %) /(2i),
a function p is a trigonometric polynomial of degree n > 1 if and only if
p(o) = S p__, axe™™ for some oy € C, where (a,, ) # (0,0). Hence if
p and ¢ are trigonometric polynomials, then so are p + ¢ and pg. Moreover,
deg(p + q) < max(degp,degq), degpg < degp + degq. If degq < degp then
deg(p + q) = degp. Tt is possible that degpg < degp + deg g, for example,



(cos ¢ +isin @)(cos ¢ —isin¢) = 1. However for any integers mq,...,m; > 0
the product cosmi¢ cosma@ . ..cosmy¢ is a trigonometric polynomial in ¢ of
degree my+- - -+my. Indeed, the equality 2 cos m¢ cosm’¢ = cos(m+m')p+
cos(m — m')¢ implies cos my¢ cosmad . .. cosmyp — 21" cos(my + -+ - +my)o
is a trigonometric polynomial in ¢ of degree less than my + --- + my.

We claim that for any g € G the function cgs[g] is a trigonometric poly-
nomial of degree |g|, where |g| is the length of g. It is easy to see that
co2]a”] (@) = c2[b"|(¢) = cosng for all n € Z. Now suppose g = g™ ...g,",
where | > 1, m; # 0 for 1 < j <1, {g1,92} = {a, b}, gj = ¢ if j is odd and
g; = g2 if j is even. Then

colgl = D cplogennles®) . cialg.

1<j1,001-153

It is easy to see that cgs [g;nj ] is a trigonometric polynomial of degree at most
|m;|. Therefore each summand in the above sum is a trigonometric polyno-
mial of degree at most |mq|+ --- + |my| = |g|. Let p = calg™] ... c22]g,™"].
Clearly, p(¢) = cosmi¢...cosmyp, hence degp = |g|. Consider a set of
indices ji,...,Ji—1 € {1,2,3} such that j, # 2 for some k. It is no loss to
assume that j, = 2 for 1 < s < k. In the cases g, = a, jr = 3 and g, = b,

Jr = 1, we have ¢y, [g,"*] = 0. In the cases g, = a, jr = 1 and gx = b,
ji = 3, we have ¢, [gpy7'] = 0or 1 (here jry1 =2if k+1=1). In any
case 2, (917" ¢ lg5 2] - - - ¢j_i2[9™"] is a trigonometric polynomial of degree

less than |g|. It follows that deg(caalg] — p) < |g|, hence degcaa[g] = |g].

Let g € G, g # 1. Then |g| > 1. Since ca2[g] is a trigonometric polynomial
of degree n = |g|, so is caz[g] — 1. Tt follows that c[g](4) — 1 = e~ P (&™),
where P is a nonzero polynomial of degree at most 2n. Therefore cas[g](¢) =
1 for at most 2n values of ¢ € [0, 27). Clearly, F,,(g) = 1 only if c2[g](¢) = 1.
Hence for all but countably many angles ¢ € [0,27) we have Fj(g) = 1 only
it g = 1. The latter property implies Fy is injective. "

Lemma 2 Suppose G is a free group with two generators a and b. Then the
subgroup of G generated by elements g, = bFab™%, 1 < k < n, is a free group
with n generators.

Proof. Suppose g = g;"'g;)* ... g; ", where | > 1,1 < i; < nand m; #0
for 1 <j <1, and ¢; # i;41 for 1 < j < [. We have to prove that g # 1. If
[ =1 then g = b1a™ b~ . Otherwise g = bta™b2""1g™m2 bu—i-1gmp~4,
Since none of the integers 41,45 — i1,...,4 —4_1, —4; and mq,...,m; is equal
to zero, it follows that g # 1. .



Suppose a group G is generated by n elements gy, ..., g, of order 2. The
group G is called the free product of n groups of order 2 (we say that g1, ..., g,
freely generate G) it G = {g1,...,gn | ¢ = ... = g2 = 1) or, equivalently, for
any group H and any elements hq, ..., h, € H of order 2 there exists a unique
homomorphism f : G — H such that f(g;) = h;, 1 < i < n. A nontrivial
element g € G is represented as ¢;,6i, - .. gy, Where { > 1,1 < ¢; < n for
1<j <l and ¢ # 74, for 1 < j < (. The group G is freely generated by n
involutions if and only if such a representation is unique for any g # 1.

Lemma 3 Suppose G is a group generated by n > 2 elements gy, ..., g, of
order 2. Then G is freely generated by n involutions if and only if elements
9192, 9193, - - - , 1Gn generate a free group with n — 1 generators.

Proof. Let H denote the subgroup of G generated by elements h; = ¢1¢;,
2 <i < n. Consider an element h = hi'h;> ... hi!, where [ > 1, 2 < i; <,
gj = 1l or —1, and ¢; = €41 whenever i; = 4;41. Since h; = ¢1g; and
hi' = gig: for 2 < i < n, we have h = g}, g, - - - gi,g], Where g; = g1 or 1,
0 < j <. Moreover, g; = g; whenever ¢; = ¢;;1. In particular, h # 1if G
is freely generated by the involutions gy, ..., g,. It follows that H is a free
group with n — 1 generators if GG is freely generated by ¢1,. .., gx.

Now suppose H is the free group with free generators hs,...,h,. To
prove that G is freely generated by n involutions, it is sufficient to show that
g # 1 whenever g = g;, ... ¢g;,, where [ > 1,1 <i; <n, i; # i;41. Note that
gig; = h; 'h; for 1 < i, j < n, where by definition h; = 1. On the other hand,
none of the elements ¢y, ..., g, belongs to H as a free group has no elements
of order 2. Hence if [ is odd then g ¢ H, in particular, g # 1. Consider the
case when [ is even. Here g = hi_llhi2 e h;}lhil € H. It is easy to see that
the length of ¢ in H is equal to the number of indices j € {1,...,{} such
that i; # 1. As this number is positive, g # 1. .

A vector plane in R3 is uniquely determined by the orthogonal straight
line. Therefore the set of planes in R? is parametrized by the projective
plane RP2. Recall that elements of RP? are one-dimensional subspaces of
R3, i.e., straight lines passing through the origin. For any straight line v €
RP? let R[y] € O(3) be the matrix of the reflection of R* in the vector
plane orthogonal to . Given 7, ...,7v, € RP? let J[y1,...,7,] denote the
homomorphism of the group Zi" = (ay,...,a, | a3 = ... =a? = 1) to O(3)
such that J[y1,..., V(@) = R[vi], 1 <i <n.

Theorem 4 There erists a dense Gs-set U, C (RP?)" such that for any
(M- sn) € Up the homomorphism J[yi, ...,V is injective.
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Proof. The case n = 1 is trivial as J[v] is always injective. Consider the
case n > 1. Let 7, denote the x-axis in R3. For any ¢ € [0,27) the matrices
B¢A¢,B;1, B;A(bB_Q, o ,Bg_lAd,B;("*l) € SO(3) are matrices of rotations
by ¢ about axes orthogonal to ;. It follows that there exist straight lines
Yo, € RP? such that BE1A,B; ™" = Riy|R[y] for 2 < k < n. By
Proposition 1, we can choose ¢ so that A, and B, generate a free subgroup of
SO(3) with two generators. Then Lemmas 2 and 3 imply that the subgroup
of O(3) generated by R[y1],..., Ry, is freely generated by n involutions.
This means J[y1,...,7,] is an injective map.

Given g € Z3F, let U,(g) denote the set of (y1,...,7,) € (RP?)" such
that J[y1,...,7](g) # 1. Notice that RP? is an analytic manifold. For
any 7 € RP? the orthogonal reflection of R? in the vector plane orthogonal
to 7 is given by the formula v — v — Q%nv, where (-,-) denotes the
scalar product and n, is a nonzero vector parallel to 7. The formula shows
that R[y] is a real analytic matrix-valued function of v € RP?. Therefore
J[V1,---,7)(g) is a real analytic matrix-valued function of (y1,...,7,.) €
(RP?)™. Since RP? is connected, it follows that U,(g) is an open set that is
either dense in (RP?)" or empty. By the above J[yi,...,7,] is injective for
some vy, . .., v, € RP? This implies U, (g) is not empty for any g # 1. Hence
U, = ﬂg?ﬂ Un(g) is a dense Gg-set. Obviously, J[y1,..., 7] is injective for
any (Y1, --.,%) € Uy. .

Let II be a polyhedron in R®. A billiard orbit in II is a (finite or infinite)
broken line zgz; . .. such that (i) each z; lies on the boundary of II, moreover,
x; is an interior point of a face unless it is an endpoint of the broken line,
(ii) the interior of each segment z;z;,; is contained in the interior of II, and
(iii) the unit vectors % % are symmetric with respect to
the orthogonal reflection in the face containing x;,;. The latter condition
(the reflection rule) means that a billiard orbit is a trajectory of a point-
mass moving freely within II subject to elastic rebounds off the faces. One
or both endpoints of a billiard orbit in IT may lie on edges of II. A billiard
orbit is called singular if this is the case. Any finite nonsingular billiard
orbit can be continued to a singular or infinite one. A finite billiard orbit
Tox1...x, is called periodic if x,, = xy and the infinite periodic broken line
ToT1...TpT1...Tpky ... 1s a billiard orbit.

Suppose that faces of the polyhedron are labelled by elements of a finite
set A. Then each nonsingular billiard orbit xoxi25 . . . is assigned a code word
w = ajas ..., where a; € A labels the face containing x;.

Suppose II; and II, are polyhedra in R?. Given £ > 0, we say that a face



f1 of I is e-close to a face fy of Il if the distance from any point of f; to f
is less than ¢ and the distance from any point of f; to f; is less than . Note
that e-close faces need not have the same number of edges. Further, we say
that the polyhedron Il is an e-perturbation of I1; if Il have the same number
of faces as I, and each face of Il is e-close to a face of II;. Assume ¢ is
so small that distinct faces of II; are not 2e-close. Then e-closeness provides
a one-to-one correspondence between faces of II; and Il;. In particular, any
labeling of faces of II; induces a labeling of faces of II,. We shall say that
a property of polyhedra can be achieved by an arbitrarily small perturbation
of faces of a polyhedron II if for any € > 0 there exists an e-perturbation of
IT with this property.

Lemma 5 Let II be a polyhedron in R® and fi,..., fm be faces of II. Let
Y,y Ym € RP? be straight lines such that y; is orthogonal to fi. Then for
any € > 0 there exists 6 > 0 with the following property: given 31, ...,¥m €
RP? such that the angle between y; and ¥; is less than 6, there exists an
e-perturbation 11 of 11 such that each 7; is orthogonal to a face of 11.

Let II be a polyhedron and zgx; ...z, be a finite nonsingular billiard
orbit in II. Given 0 > 0, there exists £ > 0 such that any e-perturbation of
IT admits a nonsingular billiard orbit yyy; ...y, such that y; and x; lie on
e-close faces and |y; — x;| < 6. Assuming that faces of II are labelled and ¢ is
small enough, yoy: ...y, has the same code word as zgx; ...x,. In the case
Toxy ...Ty, is a periodic billiard orbit, we wish to know whether the billiard
orbit yoy; ...y, can be chosen periodic too. The following theorem gives a
partial answer to this question.

Theorem 6 Suppose there is a periodic billiard orbit with a code word w in
a polyhedron I1. Then there exists an arbitrarily small perturbation of faces
of II such that the perturbed polyhedron admits at most one periodic billiard
orbit with the code word w if w has even length, and no periodic billiard orbit
with the code word w if w has odd length.

Proof. Let A be the set whose elements label faces of II. For any a € A
let f, denote the face with label a and S, denote the orthogonal reflection of
R3 in the affine plane containing f,. Let w = a; ...a,. Obviously, a; # a4,
for 1 <14 < n, and a, # a;. Suppose xox; ...z, is a nonsingular billiard
orbit in II such that zy € f,, and z; € f,,, 1 <7 < n. We apply the so-
called unfolding procedure to this orbit. Namely, consider polyhedra II, =
I, 114, ... 1L, and affine orthogonal transformations Ty = id, Ty, ..., T, such



that II; = T;(I1) (1 < i < n) and II; is symmetric to II;_; with respect
to their common face T;_1(f,,). The polyhedra and the transformations
are uniquely determined. By construction, T;T,_% = T;_1S, T,-}. Hence
T, = SaySay---Sa;, 1 < i < n. Now let 2, = T;(x;), 1 < i < n. Then
zoxy = xoxy C Il and 2z, = Ti(x;2:41) CII; for 1 <@ < n. The reflection
rule implies that segments xox), z\z5, ..., 2 _ 2! form the single segment
xox,,, which is called the unfolding of the billiard orbit zoz;...z,. Now
suppose x, = xg. Then the vector T, zo — xy is of the same direction as
r1 — xo. It is easy to see that xgz;...x, is a periodic billiard orbit if and
only if the segment T}, (xox1) = 2, T,,(z1) C II, continues x¢z!,. An equivalent
condition is that T},(x1) —T,,(xo) = x1 — o, i.e., the vector z1 —zy is invariant
under the linear part L of T,,. In particular, 1 has to be an eigenvalue of L.

Suppose Toxy . ..T, and yoy: ...y, are distinct periodic billiard orbits in
IT with the code word w. Their unfoldings are z¢T},(x¢) and yoT,(yo). Since
the two orbits are distinct, it follows that y, # xo. By the above vectors
T, (xo) — o and T,(yo) — yo are invariant under L. So is the vector Lv — v,
where v = g — 9. Hence (L — 1)?v = 0. Since L is an orthogonal operator,
we obtain Lv = v. Note that v is parallel to the face f,, while T, (zo) — xo
is not. This implies that 1 is a multiple eigenvalue of L.

For any a € A let 7, € RP? be the straight line orthogonal to the plane
containing the face f,. Then R[y,] is the matrix of the linear part of S,.
Consequently, M = R[V4,]R[Vay] - - - R[Va,] is the matrix of the linear part
of T,,. Assume that the involutive matrices R[v,], a € A, freely generate a
subgroup of O(3). Since a; # a;+1 and a,, # aq, it follows that M # 1 and
M? # 1. Hence if n is even then 1 is a simple eigenvalue of the matrix M. If
n is odd then 1 is not an eigenvalue of M.

By Theorem 4 and Lemma 5, there exists an arbitrarily small pertur-
bation of faces of II such that matrices of the linear parts of orthogonal
reflections in faces of the perturbed polyhedron II freely generate a subgroup
of O(3). It follows from the above that the polyhedron IT admits at most
one periodic billiard orbit with any fixed code word of even length and no
periodic billiard orbits with code words of odd length. "



